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Forward noising process: from data to Gaussian 

⋆ =

y = x + σ1ww ∼ 𝒩(0, Id)x ∼ pdata

+ =

p1 = pdata ⋆ 𝒩(0, σ2
1 Id)pdata 𝒩(0, σ2

1 Id)

σ1 ⋅



x ∼ pdata

+ =

p2 = pdata ⋆ 𝒩(0, σ2
2 Id)pdata 𝒩(0, σ2

2 Id)

⋆ =

Forward noising process: from data to Gaussian 

σ2 ⋅
y = x + σ2ww ∼ 𝒩(0, Id)



x ∼ pdata

+ =

p3 = pdata ⋆ 𝒩(0, σ2
3 Id)pdata 𝒩(0, σ2

3 Id)

⋆ =

Forward noising process: from data to Gaussian 

σ3 ⋅
y = x + σ3ww ∼ 𝒩(0, Id)



x ∼ pdata

+ =

p4 = pdata ⋆ 𝒩(0, σ2
4 Id)pdata 𝒩(0, σ2

4 Id)

⋆ =

Forward noising process: from data to Gaussian 

w ∼ 𝒩(0, Id) y = x + σ4w

σ4 ⋅



t = 0t = T ≫ 1 t1

pT ≈ 𝒩(0, σ2
T Id) pdata

t2

pt = pdata ⋆ 𝒩(0, σ2
t Id)

     yt
d= y0 + σt w, w ∼ 𝒩(0, I) With increasing noise level   σt e.g. σt = tβ

Forward noising process: Variance Exploding

y0yT dyt = ·σtdWt



t = 0t = T ≫ 1 t1

pT ≈ 𝒩(0, Id) pdata

t2

Forward noising process: Variance Preserving
 

ηt =
1

1 + σt2

     yt
d= ηt(y0 + σt w), w ∼ 𝒩(0, I) With increasing noise level   σt



t = 0t = T ≫ 1 t1

pdata

t2

Forward noising process: Flow Matching
     yt

d= ηt(y0 + σt w), w ∼ 𝒩(0, I)

pT ≈ 𝒩(0, Id)

 ηt =
1

1+σt

With increasing noise level   σt



Diffusion models

Generative process



pdata

x0 ∼ pT , dxt = vt(xt) dt + 2αat dWt

Generative process: from noise to data 

pT

For any α ≥ 0

t1 t2

pT−t1
pT−t2

vT−t(x) = −
·ηt

ηt
x + (1+α) η2

t
·σtσt ∇log pt(x) aT−t = η2

t
·σtσt

⇒ xt ∼ pT−t

T



pdata

Generative process: from noise to data 

vT−t(x) = −
·ηt

ηt
x+ η2

t
·σtσt ∇log pt(x)

pT

x0 ∼ pT , dxt = vt(xt) dt

t1 T

pT−t1
pT−t2

aT−t = η2
t

·σtσt

t2



Parameters of the algorithm: diffusion coefficient , time schedulers  α ηt, σt

[Hurault et al., `25 `26] Optimization of parameters to minimize sampling errors

Diffusion models parameters
x0 ∼ pT , dxt = vt(xt) dt + 2αat dWt

vT−t(x) = f(α, ηt, σt ∇log pt(x))



Diffusion models errors

pdata

x0 ∼ pT , dxt = vt(xt) dt + 2αat dWt

pT

vT−t(x) = f(α, ηt, σt ∇log pt(x))

- initialization error 

- Score training error

- Discretization error 



Diffusion models errors

pdata

x0 ∼ q0 , dxt = vt(xt) dt + 2αat dWt

q0

Initialization error

The process is initialized at q0 ≠ pT = Law(ηT(x0 + σTw)) Variance Exploding: q0 = 𝒩(0,σ2
T I)

Variance Preserving: q0 = 𝒩(0, I)

error negligible for large enough σTW2(pT, q0) = O(σ−1
T )

pT

vT−t(x) = f(α, ηt, σt ∇log pt(x))

Law(xT)



score training error

Denoising Score Matching
• Generalization error 


• Optimization error


• Approximation error ( )

(Ndata < ∞)

|θ | < ∞

Diffusion models errors: 

min
θ ∫t

𝔼x∼pdata
𝔼w∼𝒩(0,I) sθ

t (x+σtw) +
w
σt

2
dt + cst

pdata
Law(xT)

vθ
T−t(x) = f(α, ηt, σt, sθ

t (x))

x0 ∼ q0 , dxt = vθ
t (xt) dt + 2αat dWt

 trained to approximate  by :sθ
t ∇log pt

vθ(xt, t)

v(xt, t)



Diffusion models errors:   discretization error
̂x0 ∼ q0 , ̂xk+1 = ̂xk+γ vθ

tk( ̂xk) + 2γαat Ŵk
Euler discretization  
with stepsize γ > 0

pdata
Law( ̂xk) Law(xT)



Euler discretization  
with stepsize γ > 0

pdata
Law( ̂xk) Law(xT)

‣ Optimal parameters w.r.t geometry of pdata

• We calculate explicit and exact sampling error due to training and discretization 
• With respect to diffusion parameters  and geometry of  (α, σt, ηt) pdata D(pdata, Law( ̂xK))

̂x0 ∼ q0 , ̂xk+1 = ̂xk+γ vθ
tk( ̂xk) + 2γαat Ŵk

Diffusion models errors



Existing works: 

- Not tight

- No influence of geometry of 
pdata

D(pdata, Law( ̂YK)) ≲ ℰdisc + ℰtrain

For general  , upper boundspdata

‣ Optimal parameters w.r.t geometry of pdata

• We calculate explicit and exact sampling error due to training and discretization 
• With respect to diffusion parameters  and geometry of  (α, σt, ηt) pdata

Diffusion models errors

‣ Verify if predictions stand for real image (non-Gaussian) data

Euler discretization  
with stepsize γ > 0

Assuming Gaussian data pdata ∼ 𝒩(μdata, Σdata = U Diag(λi)U⊤)

̂x0 ∼ q0 , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk

pdata

λ1
λ2



‣ Optimal parameters w.r.t geometry of pdata

• We calculate explicit and exact sampling error due to training and discretization 
• With respect to diffusion parameters  and geometry of  (α, σt, ηt) pdata

Diffusion models errors

‣ Verify if predictions stand for real image (non-Gaussian) data

Euler discretization  
with stepsize γ > 0

Assuming Gaussian data pdata ∼ 𝒩(μdata, Σdata = U Diag(λi)U⊤)

1. Discretization error …. assuming exact score 

2. Score training error …. assuming no discretization  

In this talk:
[H., Terris, Moreau, Peyré `25]

[H., Moreau, Peyré `26]

̂x0 ∼ q0 , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk



Discretization error for Gaussian data
Euler discretization  
with stepsize γ > 0

vT−t(x) = −
·ηt

ηt
x + (1+α) η2

t
·σtσt ∇log pt(x)

̂x0 ∼ q0 , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk



Discretization error for Gaussian data
Euler discretization  
with stepsize γ > 0

The final  discretization error:W2

W2(pdata, Law( ̂xK))2 = B(Σdata, Cov( ̂xK))2

̂x0 ∼ q0 , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk

=
d

∑
i=1

( λi − λ(Cov( ̂xK))i)2

pdataLaw( ̂xK)

W2(pdata, Law( ̂xK))

vT−t(x) = −
·ηt

ηt
x + (1+α) η2

t
·σtσt ∇log pt(x)

∇log pt(x) = − (η2
t (Σdata + σ2

t Id))−1x

•      diagonal in eigenbasis of At Σdata   too→ Cov( ̂xk)

•     Linear velocity  Gaussianity preserved along the process  → Law( ̂xk) = 𝒩(0, Cov( ̂xk))

Assuming Gaussian data pdata = 𝒩(0, Σdata = U Diag(λi)U⊤)



pdata = 𝒩(0, Σdata = U Diag(λi)U⊤)Assuming Gaussian data

Discretization error for Gaussian data

✓ Explicit objective for optimizing parameters  w.r.t data geometry α, ηt, σt (λi)i≤d

•      diagonal in eigenbasis of At Σdata   too→ Cov( ̂xk)

Euler discretization  
with stepsize γ > 0

= γ2
d

∑
i=1

∫
T

0
f(λi, α, ηt, σt)2 dt + o(γ2)

 eigenvalue of ith Σdata
schedulers

diffusion coefficient 

stepsize

The final  discretization error:W2

W2(pdata, Law( ̂xK))2 = B(Σdata, Cov( ̂xK))2

̂x0 ∼ q0 , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk

=
d

∑
i=1

( λi − λ(Cov( ̂xK))i)2

•     Linear velocity  Gaussianity preserved along the process  → Law( ̂xk) = 𝒩(0, Cov( ̂xk))

vT−t(x) = −
·ηt

ηt
x + (1+α) η2

t
·σtσt ∇log pt(x)

∇log pt(x) = − (η2
t (Σdata + σ2

t Id))−1x



Image dataset sampling (FFHQ) 

Empirical sampling (FID) Gaussian theory ( )W2 α*(γ)

Sampling error w.r.t number of discretization steps  ( stepsize  ) :K γ = 1/K

Using the EDM schedule 

[Karras et al., `23]  , ηt = 1 σt = σmaxtβ

 decreases (  linearly) 

with the stepsize 

α⋆ ≈
γ

W2

Optimization of the diffusion parameter α

For Gaussian data,

α⋆(γ) = argminα W2(pdata, Law( ̂YK)) = 1−γ
d

∑
i=1

wi ( 1
λi )

1
2β

+ o(γ)

slope

The decrease slope depends on  :  
smaller variance   smaller 

(λi)i≤d
λi → α⋆



Optimization of the diffusion parameter α

For Gaussian data,

α⋆(γ) = argminα W2(pdata, Law( ̂xK)) = 1−γ
d

∑
i=1

wi ( 1
λi )

1
2β

+ o(γ) The decrease slope depends on  :  
smaller variance   smaller 

(λi)i≤d
λi → α⋆

 error decomposed per eigendirection of : W2 Σdata

λi λi

Image dataset sampling (FFHQ) 

Empirical sampling (FID) Gaussian theory ( )W2



Optimization of the diffusion parameter α

For Gaussian data,

α⋆(γ) = argminα W2(pdata, Law( ̂xK)) = 1−γ
d

∑
i=1

wi ( 1
λi )

1
2β

+ o(γ) The decrease slope depends on  :  
smaller variance   smaller 

(λi)i≤d
λi → α⋆

α = 0 α = 0.25 α = 0.5 α = 1α = 0.75

 covarianceLaw( ̂xk)  covariancepdata

Gaussian sampling in 10 steps



Optimization of the diffusion parameter α

α = 0 α = 0.25 α = 0.5 α = 1α = 0.75

 covarianceLaw( ̂Yk)  covariancepdata

Gaussian sampling in 10 steps

‣For small number of steps, ODE sampling ( ) samples close to the data meanα = 0

FFHQ sampling in 50 steps:

α = 0 α = 0.25 α = 0.5 α = 0.75 α = 1



Optimization of the diffusion parameter α

‣For small number of steps, ODE sampling ( ) samples close to the data meanα = 0

FFHQ sampling in 50 steps:

α = 0 α = 0.25 α = 0.5 α = 0.75 α = 1

‣For small number of steps, choosing  samples close to the MMSEα = 0

Posterior sampling: sample the posterior  
p(x |y)

α = 0 α = 0.5α = 0.25y = k ⋆ x + w

Discretization error allows 
MMSE estimation using 

diffusion sampling

x



t = 0t = T ≫ 1

pT ≈ 𝒩(0, c Id) p0 = pdata

c

Optimization of the rescaling schedule ηt

,      ηVE
t = 1 ηVP

t =
1

1+σ2
t

Classical choices of rescaling schedules: 

ηt(c) =
c

c + σ2
t

We choose the parametrization

c⋆ = argminc>0 W2(pdata, Law( ̂YK))

‣     Variance Preserving (VP) : 

‣     Variance Exploding (VE) : 

‣     The forward noising process converges to 

c = 1
c = ∞

𝒩(0, c I)



Optimization of the rescaling schedule ηt

For a power spectrum  

with   decreasing for τ(p) > 0 p ≲ 0.9c⋆ = λmaxτ(p)

λi = λmaxi−p

ηt(c) =
c

c + σ2
t

Full image datasets sampling

Influence of λmax

Small relative change of  
across datasets

p

Empirical sampling (FID) Gaussian theory ( )W2

W2

Deblurring Posterior sampling

Influence of p

Sampling of  p(x |y = k ⋆ x + w)

-axis rescaled by  c λmax

W2



pdataLaw(xT)

vθ(xt, t)

v(xt, t)

Score Training error for Gaussian data

pdata = 𝒩(0, Σdata = U Diag(λi)U⊤)Assuming Gaussian data

Exact linear score:

Objective 2:  Effet of all  on the final sampling error(Δt)t

Trained linear score: Perturbation  due to inexact training:

• generalization error

• optimization error

Δtsθ
t (x) = Atx = (A*t +Δt)x

Objective 1:  At fixed  explicit training error  t Δt

x0 ∼ q0 , dxt = vθ
t (xt) dt + 2αat dWt

∇log pt(x) = A*t x



Score Training error for Gaussian data

pdata = 𝒩(0, Σdata = U Diag(λi)U⊤)Assuming Gaussian data

Exact linear score:

Objective 1:  At fixed  explicit training error  t Δt

[Dieuleveut et al., `17]

Minimize 


on a finite dataset   

F(θ) = 𝔼x∼pdata,w∼𝒩(0,I)[f(θ, x, w)]
XNdata

= {xi ∼ pdata}0≤i<Ndata

SGD with fixed learning rate  : τ
For k ≥ 0, xk ∈ XNdata

, wk ∼ 𝒩(0, Id),
θk+1 = θk−τ∇θ f(θk, xk, wk)

x0 ∼ q0 , dxt = vθ
t (xt) dt + 2αat dWt

∇log pt(x) = A*t x
Trained linear score: Perturbation  due to inexact training:


• generalization error

• optimization error

Δtsθ
t (x) = Atx = (A*t +Δt)x



Score Training error for Gaussian data

pdata = 𝒩(0, Σdata = U Diag(λi)U⊤)Assuming Gaussian data

Exact linear score:
Trained linear score: Perturbation  due to inexact training:


• generalization error

• optimization error

Δtsθ
t (x) = Atx = (A*t +Δt)x

vt(x) = f(α, ηt, σt ∇log pt(x))

Objective 1:  At fixed  explicit training error  t Δt

Minimize 


on a finite dataset   

F(θ) = 𝔼x∼pdata,w∼𝒩(0,I)[f(θ, x, w)]
XNdata

= {xi ∼ pdata}0≤i<Ndata
With a linear score  :sθ

t (x) = Atx

Cov(Δt) = τ Στ
t +

1
Ndata

ΣN
t + o (τ,

1
Ndata )

𝔼[Δt] = o (τ,
1

Ndata )
At = A*t +Δt

 and  explicit w.r.t   Στ
t ΣN

t Σdata, α, ηt, σt

x0 ∼ q0 , dxt = vθ
t (xt) dt + 2αat dWt

∇log pt(x) = A*t x

[Dieuleveut et al., `17]

SGD with fixed learning rate  : τ
For k ≥ 0, xk ∈ XNdata

, wk ∼ 𝒩(0, Id),
θk+1 = θk−τ∇θ f(θk, xk, wk)



Score Training error for Gaussian data

pdata = 𝒩(0, Σdata = U Diag(λi)U⊤)Assuming Gaussian data

Exact linear score:
Trained linear score: Perturbation  due to inexact training:


• generalization error

• optimization error

Δtsθ
t (x) = Atx = (A*t +Δt)x

vt(x) = f(α, ηt, σt ∇log pt(x))

Objective 1:  At fixed  explicit training error  t Δt

Cov(Δt) = τΣτ
t +

1
Ndata

ΣN
t + o (τ,

1
Ndata )

x0 ∼ q0 , dxt = vθ
t (xt) dt + 2αat dWt

∇log pt(x) = A*t x

Objective 2:  Effet of all  on the final sampling error(Δt)t



Score Training error for Gaussian data

pdata = 𝒩(0, Σdata = U Diag(λi)U⊤)Assuming Gaussian data

Exact linear score: ∇log pt(x) = A*t x
Trained linear score: sθ

t (x) = Atx = (A*t +Δt)x Perturbation  due to inexact training:

• generalization error

• optimization error

Δt

vt(x) = f(α, ηt, σt ∇log pt(x))

Objective 1:  At fixed  explicit training error  t Δt

•      does not co-diagonalizes with    neitherAt Σdata → Cov(xt)
•     Linear drift   Gaussianity preserved along the processvt = Atx →

d

∑
i=1

d

∑
j=1

∫
T

0
f(λi, λj, α, σs) ds

where  and   take the formℰoptim ℰgen

𝔼Δ [W2(pdata, Law(xT))2] = (τ ℰoptim +
1

Ndata
ℰgen) + o (τ,

1
Ndata )

x0 ∼ q0 , dxt = vθ
t (xt) dt + 2αat dWt

Objective 2:  Effet of all  on the final sampling error(Δt)t Cov(Δt) = τΣτ
t +

1
Ndata

ΣN
t + o (τ,

1
Ndata )



Optimization of the diffusion parameter α

Empirical sampling (FID) Gaussian theory ( )W2

α*(ℰgen
t ) = 0α*(ℰoptim

t ) ≈
λmax

2+λmax
∈ (0,1) andFor ,σt = t

𝔼Δ [W2(pdata, Law(xT))2] = (τ ℰoptim +
1

Ndata
ℰgen) + o (τ,

1
Ndata )



Conclusion

Data geometry matters for optimizing diffusion parameters w.r.t discretization error: 

‣ Derived explicit discretization and score training errors of diffusion sampling. 

‣ In Gaussian case, gives a tractable objective for tuning parameters. 


‣ Study how the optimal diffusion parameter  and schedulers  change with 
the shape of the data covariance spectrum  .  

‣ Gaussian theory predicts trends observed for real image sampling. 


α ηt, σt
(λi)i≤d





pdata
p0

Generative models given samples of , generate new samples of   pdata pdata

➡ Choose  easy to samplep0

Flow-based methods: ➡ Find a map  such that Tθ : ℝd → ℝd

x0 ∼ p0, x = Tθ(x0) samples   pdata
pθ := Tθ # p0 ≈ pdata

min
θ

D(pdata, pθ)Train a neural network  to minimizeTθ

pθx0
Tθ



pdata

Generative models given samples of , generate new samples of   pdata pdata

 GAN [Goodfellow, `14)]  min
θ

JS(pdata, pθ)

➡ Choose  easy to samplep0

Flow-based methods: ➡ Find a map  such that Tθ : ℝd → ℝd

x0 ∼ p0, x = Tθ(x0) samples   pdata

Train a neural network  to minimizeTθ min
θ

D(pdata, pθ)

pθx0
Tθ

p0

pθ := Tθ # p0 ≈ pdata



pdata

Generative models given samples of , generate new samples of   pdata pdata

➡ Choose  easy to samplep0

Flow-based methods: ➡ Find a map  such that Tθ : ℝd → ℝd

x0 ∼ p0, x = Tθ(x0) samples   pdata

Train a neural network  to minimizeTθ min
θ

D(pdata, pθ)

 Normalizing Flows  
[Rezende, & Mohamed, `15)]  

min
θ

KL(pdata, pθ)

pθx0
Tθ

p0

pθ := Tθ # p0 ≈ pdata



pdata
p0

Generative models given samples of , generate new samples of   pdata pdata

➡ Choose  easy to samplep0

Flow-based methods: ➡ Find a map  such that Tθ : ℝd → ℝd

x0 ∼ p0, x = Tθ(x0) samples   pdata

Train a neural network  to minimizeTθ min
θ

D(pdata, pθ)

❌  Hard to train a single-step model: 

         unstable training, mode collapse…

pθ

pθ := Tθ # p0 ≈ pdata

 Normalizing Flows  
[Rezende, & Mohamed, `15)]  

min
θ

KL(pdata, pθ)



pdata
p0

Generative models given samples of , generate new samples of   pdata pdata

➡ Choose  easy to samplep0

Flow-based methods: ➡ Find a map  such that Tθ : ℝd → ℝd

x0 ∼ p0, x = Tθ(x0) samples   pdata

Train a neural network  to minimizeTθ min
θ

D(pdata, pθ)

pθ := Tθ # p0 ≈ pdata

 Continuous Normalizing 
Flows [Chen et al., `18)]  

 solution ofTθ(x0)

min
θ

KL(pdata, pθ)

dxt = vθ(xt, t) dt

x0 vθ(Yt, t)

❌  Hard training:  supervision only at final time
✓  Learns a continuous path 


Gaussian  data →

pθ



pdata
p0

Generative models given samples of , generate new samples of   pdata pdata

➡ Choose  easy to samplep0

Flow-based methods: ➡ Find a map  such that Tθ : ℝd → ℝd

x0 ∼ p0, x = Tθ(x0) samples   pdata
pθ := Tθ # p0 ≈ pdata

 Diffusion Models [Song et al., `21]  /  
Flow Matching [Lipman et al., `23]

 solution ofTθ(x0) dxt = vθ(xt, t) dt

x0 vθ(Yt, t)
pθ

✓  Learns a continuous path 

Gaussian  data →

min
θ ∫t

∥vθ(x, t)−v*(x, t)∥Train a time-dependent NN  to minimizevθ

✓     Easy training:  local supervision at all time



pdata
p0

Generative models given samples of , generate new samples of   pdata pdata

➡ Choose  easy to samplep0

Flow-based methods: ➡ Find a map  such that Tθ : ℝd → ℝd

x0 ∼ p0, x = Tθ(x0) samples   pdata
pθ := Tθ # p0 ≈ pdata

 Diffusion Models [Song et al., `21]  /  
Flow Matching [Lipman et al., `23]

 solution ofTθ(x0) dxt = vθ(xt, t) dt + 2atdWt

x0

pθ
✓  Learns a continuous path 


Gaussian  data →

min
θ ∫t

∥vθ(x, t)−v*(x, t)∥Train a time-dependent NN  to minimizevθ

✓     Easy training:  local supervision at all time



Diffusion models for posterior sampling p(x |y = Ax + w)
Apply the same algorithm with  replaced by  pdata p(x |y)

Y0 ∼ p0 , dYt = vt(Yt) dt + 2at dWt

vt(x) = −
·ηT−t

ηT−t
x + (1+α) η2

T−t
·σT−tσT−t ∇log pT−t(x |y)

For , α ≥ 0

∇log pt(xt |y) = ∇log pt(xt) + ∇log pt(y |xt)

✓ Unconditional score training 
Untractable❌

Using Baye’s formula, for xt ∼ pt

p(x0 |xt) ≈ 𝒩(𝔼[x0 |xt], 𝕍[x0 |xt])Use the Gaussian approximation  

Related to a pertrained denoiser by Tweedie’s formulas

DPS [Chung et. al, `23], PiGDM [Song et. al, `23], Moment Matching [Rozet et. al, `24] : 

= ∫ p(y |x0)p(x0 |xt)dx0



βt = −
·ηT−t

ηT−t

ξt = η2
T−t

·σT−tσT−t

{βt = 0
ξt = ·σT−tσT−t

vt = βt Id + ξt ∇log ̂pT−t (
⋅
ηt )

VP schedule (σt, ηt)

vt = ξt ∇log pT−t

y0 ∼ ̂pT , d ̂yt = vt( ̂yt) dt + 2αξt dWt

In the continuous setting, for fixed  :  VE   VP    any rescaling σt ηt = 1⇔ ηt =
1

1 + σ2
t

⇔ ηt

VE schedule (σt, ηt = 1) y0 ∼ pT , dyt = vt(yt) dt + 2αξt dWt

Diffusion models

̂yt = ηtyt



 ut0( ̂Y0)

 ut1( ̂Y1)
 vt0 , at0

small  
expansion

γ

Discretization error: general weak error

End discretized process End continuous process

𝔼[f( ̂YK)] − 𝔼[f(YT)] = γ∫
T

0
𝔼[ψs(Ys)]ds + o(γ)

Euler error due to freezing  on vs, as [s, s + γ]

Under mild assumptions on  pdata

Sketch of the proof: Let . We have:ut(x) = 𝔼[ f(YT) |Yt = x]
𝔼[f( ̂YK)] − 𝔼[f(YT)] = 𝔼[utk( ̂Yk)] − 𝔼[u0( ̂Y0)] =

K

∑
k=0

utk+1
( ̂Yk+1) − utk( ̂Yk)

Telescopic sum Expansion for small γ

=
K

∑
k=0

(γ2 ψtk( ̂Yk) + o(γ2))
Riemann-sum error

= γ ∫
T

0
ψs(Ys) ds + o(γ)

ψs(Ys) = −
1
2

Js(Y ) Dsvs(Ys) ⋅ ∇f(YT)

For α = 0

local acceleration

(material derivative)

Propagation 

(flow Jacobian)

s → T

̂x0 ∼ 𝒩(0, σ2
T Id) , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk



 ut1( ̂Y1)

 ut2( ̂Y2)

vt1
, at1

small  
expansion

γ

End discretized process End continuous process

𝔼[f( ̂YK)] − 𝔼[f(YT)] = γ∫
T

0
𝔼[ψs(Ys)]ds + o(γ)

Euler error due to freezing  on vs, as [s, s + γ]

Under mild assumptions on  pdata

Discretization error: general weak error

Sketch of the proof: Let . We have:ut(x) = 𝔼[ f(YT) |Yt = x]
𝔼[f( ̂YK)] − 𝔼[f(YT)] = 𝔼[utk( ̂Yk)] − 𝔼[u0( ̂Y0)] =

K

∑
k=0

utk+1
( ̂Yk+1) − utk( ̂Yk)

Telescopic sum Expansion for small γ

=
K

∑
k=0

(γ2 ψtk( ̂Yk) + o(γ2))
Riemann-sum error

= γ ∫
T

0
ψs(Ys) ds + o(γ)

̂x0 ∼ 𝒩(0, σ2
T Id) , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk

ψs(Ys) = −
1
2

Js(Y ) Dsvs(Ys) ⋅ ∇f(YT)

For α = 0

local acceleration

(material derivative)

Propagation 

(flow Jacobian)

s → T



 ut3( ̂Y3)

 ut2( ̂Y2)
vt2, at2

small  
expansion

γ

End discretized process End continuous process

𝔼[f( ̂YK)] − 𝔼[f(YT)] = γ∫
T

0
𝔼[ψs(Ys)]ds + o(γ)

Euler error due to freezing  on vs, as [s, s + γ]

Under mild assumptions on  pdata

ψs(Ys) = −
1
2

Js(Y ) Dsvs(Ys) ⋅ ∇f(YT)

For α = 0

local acceleration

(material derivative)

Propagation 

(flow Jacobian)

s → T

̂x0 ∼ 𝒩(0, σ2
T Id) , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk

Discretization error: general weak error

Sketch of the proof: Let . We have:ut(x) = 𝔼[ f(YT) |Yt = x]
𝔼[f( ̂YK)] − 𝔼[f(YT)] = 𝔼[utk( ̂Yk)] − 𝔼[u0( ̂Y0)] =

K

∑
k=0

utk+1
( ̂Yk+1) − utk( ̂Yk)

Telescopic sum Expansion for small γ

=
K

∑
k=0

(γ2 ψtk( ̂Yk) + o(γ2))
Riemann-sum error

= γ ∫
T

0
ψs(Ys) ds + o(γ)



 ut3( ̂Y3)

 ut4( ̂Y4)

vt3, at3

small  
expansion

γ

End discretized process End continuous process

𝔼[f( ̂YK)] − 𝔼[f(YT)] = γ∫
T

0
𝔼[ψs(Ys)]ds + o(γ)

Euler error due to freezing  on vs, as [s, s + γ]

Under mild assumptions on  pdata

ψs(Ys) = −
1
2

Js(Y ) Dsvs(Ys) ⋅ ∇f(YT)

For α = 0

local acceleration

(material derivative)

Propagation 

(flow Jacobian)

s → T

Discretization error: general weak error

Sketch of the proof: Let . We have:ut(x) = 𝔼[ f(YT) |Yt = x]
𝔼[f( ̂YK)] − 𝔼[f(YT)] = 𝔼[utk( ̂Yk)] − 𝔼[u0( ̂Y0)] =

K

∑
k=0

utk+1
( ̂Yk+1) − utk( ̂Yk)

Telescopic sum Expansion for small γ

=
K

∑
k=0

(γ2 ψtk( ̂Yk) + o(γ2))
Riemann-sum error

= γ ∫
T

0
ψs(Ys) ds + o(γ)

̂x0 ∼ 𝒩(0, σ2
T Id) , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk

ψs(Ys) = −
1
2

Js(Y ) Dsvs(Ys) ⋅ ∇f(YT)

For α = 0

local acceleration

(material derivative)

Propagation 

(flow Jacobian)

s → T



 ut4( ̂Y4)

 ut5( ̂Y5)

v
t4 , a

t4

small  
expansion

γ

End discretized process End continuous process

𝔼[f( ̂YK)] − 𝔼[f(YT)] = γ∫
T

0
𝔼[ψs(Ys)]ds + o(γ)

Euler error due to freezing  on vs, as [s, s + γ]

Under mild assumptions on  pdata

ψs(Ys) = −
1
2

Js(Y ) Dsvs(Ys) ⋅ ∇f(YT)

For α = 0

local acceleration

(material derivative)

Propagation 

(flow Jacobian)

s → T

̂x0 ∼ 𝒩(0, σ2
T Id) , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk

Discretization error: general weak error

Sketch of the proof: Let . We have:ut(x) = 𝔼[ f(YT) |Yt = x]
𝔼[f( ̂YK)] − 𝔼[f(YT)] = 𝔼[utk( ̂Yk)] − 𝔼[u0( ̂Y0)] =

K

∑
k=0

utk+1
( ̂Yk+1) − utk( ̂Yk)

Telescopic sum Expansion for small γ

=
K

∑
k=0

(γ2 ψtk( ̂Yk) + o(γ2))
Riemann-sum error

= γ ∫
T

0
ψs(Ys) ds + o(γ)



End discretized process End continuous process

𝔼[f( ̂YK)] − 𝔼[f(YT)] = γ∫
T

0
𝔼[ψs(Ys)]ds + o(γ)

Euler error due to freezing  on vs, as [s, s + γ]

Under mild assumptions on  pdata

̂x0 ∼ 𝒩(0, σ2
T Id) , ̂xk+1 = ̂xk+γ vtk( ̂xk) + 2γαat Ŵk

Discretization error: general weak error

➡     error on the meanf(x) = x →
➡    error on the covariance  f(x) = xx⊤ →
➡  Error on higher moments  

ψs(Ys) = −
1
2

Js(Y ) Dsvs(Ys) ⋅ ∇f(YT)

For α = 0

local acceleration

(material derivative)

Propagation 

(flow Jacobian)

s → T

❌  Not explicit in the general case 



More details on the generalization error

Data-like spectrum

ℰgen
t = ∫

T

0

d

∑
i=1

d

∑
j=1

f(λi, λj, σs) ds ≈ ∫
T

0

d

∑
i=1

(1+α)2(σs
·σs)2 2

λi ( λi

λi + σ2
s )

α+3

ds

 generalization error 

at time   / on direction 

fgen(s, λi) :
s λi

Full error  w.r.t time s 
d

∑
i=1

fgen(s, λi)

s2 ≈ 1 −
λmin

2
s1 ≈

1
2λmax

 w.r.t time s, for each direction  :fgen(s, λi) λi



More details on the generalization error

 generalization error 

at time   / on direction 

fgen(s, λi) :
s λi

ℰgen
t = ∫

T

0

d

∑
i=1

d

∑
j=1

f(λi, λj, σs) ds ≈ ∫
T

0

d

∑
i=1

(1+α)2(σs
·σs)2 2

λi ( λi

λi + σ2
s )

α+3

ds

[Bertrand et al., 2025] 

real diffusion model  sampling error : Full error  w.r.t time s 

d

∑
i=1

fgen(s, λi)

s2 ≈ 1 −
λmin

2
s1 ≈

1
2λmax



Optimization of the noise schedule σt

For « polynomial schedule »  σt = ∝ tβ

We prove that the polynomial 
schedule is well-adapted to 

anisotropic covariance spectrum   

Empirical sampling (FID) Gaussian theory ( )W2


