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Generative models given samples of p, ., generate new samples of p, .

= Choose p, easy to sample
- o Yo~ po, Y =TyY,)
= Train 1, for Tp#py~ P,

e.g. Normalizing Flows in KL(T #po, p i)
[Rezende, & Mohamed, 15)] 0
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x Difficult to train a « single step » model : unstable training, mode collapse ...



Generative models

Diffusion models: N _
[Song et al., 21)] YO Po> dYt — VH(Yta t) dt

v@(Yta t)

, | v Easier sub-training at each time
v' Continuous transformation [T % Discretization error at

noise — data m@in =y V(X 1) = vE(x, 1)|| d inference

0



Generative models

Diffusion models:

Song et al., "21)] Yo~ po, dY,=vy(Y,t)dt + y/2a,dW,

Po DT =~ Pdata
e ——
t =0 t t=T

, | v Easier sub-training at each time
v' Continuous transformation [T % Discretization error at

noise — data m@in =y V(X 1) = vE(x, 1)|| d inference

0



Diffusion models

Noising process

Generative flow : stochastic denoising



Diffusion models

Noising process




Diffusion models Noising process (from data to noise)

d
Variance Exploding (VE) | Xy ~ Pgatas W; ~ 4(0,1d), X, = Xy+0,W, 6,>0, 06, —

qr ~ N0, 0% Id) q, = Law(Xy+o W)

t=T1T>1 t t =0
Cov(X,) = Cov(X,) + ¢*1d



Diffusion models Noising process (from data to noise)

Variance Preserving (VP)

g~ N(0,1d)

d
Xo ~ Pdatar Wy ~ A(0,1d), X, = n(Xy+0o,W)

q;, = Law(17(Xy+ow,))

o >0, n =

40 = Pdata

1

\/atz+1

r=T>1

[
Cov(X,) = n/ Cov(Xy) + (1 —n7) Id

=0



Diffusion models Noising process (from data to noise)

General schedule (1,, 6,)

d
XO ~ Pdata’ Wt ~ N (O’ Id)’ Xt — nt(XO_l_GtWt)

g, = Law(17(Xy+0o,W,))

40 = Pdata

=0



Diffusion models

Generative process : stochastic denoising



Diffusion models Generative process (from noise to data)

P, = qr_,1s sampled from the SDE

For o > 0, Yo ~po, dY,=v(Y)dt+/2a,dW,

v(x) = —;"x+ (1+a)n?6,0,Vlogp, (x) G = an6o,
A

Po = 4t Pr = 47— Pt = Pdata
B B EE—
= () l t =T

Parameters of the algorithm: diffusion coefficient <, time schedulers 7;,, o,



Diffusion models Generative process (from noise to data)

P, = qr_,1s sampled from the ODE

For oo > (), Y()Np(), dY;=Vt(Yt)dt
VAX) = _%x + ﬂtz 6,0,Vlog pr_(x)
t
Po = 4t Pt = Pdata
T S
t=20 ! t=1T

Parameters of the algorithm: diffusion coefficient <, time schedulers 7;,, o,



Diffusion models errors

Yo ~po, dY,=v(Y)dt++/2a,dW,

v(x) = nT ~x+ (1+a)n7_, 64_07_,V1og pr_(x)
T—t




Diffusion models errors: score training error

Yo ~po, dY,=v(Y)dt++/2a,dW,

i |
v (x) = —j x+ (1+a)n; 6,0,V1og pr_(x)
!

Trained by denoising Score Matching

6
s’ ~ Vlo
[ &P on a finite dataset{xl- ~ P}igNdam

Law(Y7)

In the rest of this work, we assume exact score, see [H., Moreau, Peyre (2025)] for score error.



Diffusion models errors: discretization error
T n

Euler discretization: for y = 2 Yo ~ Po IA’kH — IA/k+}/ vtk(f/k) + \/Zyatk W,

Pdata

y &

Law(f/ )
In the rest of this work, we assume exact score, see [H., Moreau, Peyre (2025)] for score error.



Objective of this work

A\

Yo~ po IA/k+1 — f/k"‘}"’zk(f/k) "‘\/27’% Wi

We calculate explicitly how discretization error affects sampling:

D(p,,.., laW(IA/ ©)) w.r.t. diffusion parameters and geometry of p, ..

>~ How to choose parameters to minimize this error w.r.t geometry of p, .

D(p,,..» Law(Yy))

Y N\

Pdata

Law(f/ )
In the rest of this work, we assume exact score, see [H., Moreau, Peyre (2025)| for score error.



Objective of this work

A\

We calculate explicitly how discretization error affects sampling:

D(p,.. laW(IA/ ©)) w.r.t. diffusion parameters and geometry of p, ..

A\

How to choose parameters to minimize this error w.r.t geometry of p, .. 7?

Example: we can expect different parameters for sampling image |
prior or posterior distribution - Daul®) {prior]

p(z|y) (posterior)




Objective of this work

A\

We calculate explicitly how discretization error affects sampling:

D(p,.. laW(IA/ ©)) w.r.t. diffusion parameters and geometry of p, ..

>~ How to choose parameters to minimize this error w.r.t geometry of p, .

Existing works: This work:

In a general setting, upper bounds e.g. [Benton et al.] Assuming Gaussiandatap,, ..~ N (U .00 20,0,

A < | A
D(pdat'cv LaW(YK)) ~ y%dlSC Wz(pdata’ laW(YK)) — ygdiSC + 0(}/)

%disc w.r.t. dim, Lipschitz const. of score, bound on p4.:,--- with & explicit w.rt
disc : s

- Not tight - sampling parameters (2, 6,,1],)

- No influence of geometry of the data. - geometry of the data : spectrum of 2., .

Not adapted for parameter design Adapted for parameter



Discretization error: Gaussian case

A\

Assuming paaa = A (0, 4 = U Diag(A)UT), o~ pos Y = Tekr v (B +, [21a, W,

v(x) =Hx with H, = UDiag<A(/1i)>,-UT

Linear velocity v, — samples a Gaussian Law(f/K) = /V( —[IA/K], COV[IA/K])

v, decomposes per eigendirections

. ) T /
Ve] = Hiwa Cov[Fe] = Zgua =1 U Diag([ AX(h 01, 0) i ) UT + ()
0/ I
i" eigenvalue of T, time schedulers

at the discretization error:

Pdata
T

1, at)z dt + o(y

12

d
Ty (Pasir N (T ) = 77 )

=

74,

o o Law(/{/)
v Explicit objective for optimizing diffusion parameters «, 77,, o, w.r.t data geometry ( ii’Sd



Optimization of the diffusion parameter

p
[
Image dataset sampling (FFHQ) : EDM schedule [Karras et al., ‘23] : Variance Exploding (VE) 17, = 1, noise ¢, = o, (;) .

Sampling error w.r.t number of discretization steps K ( stepsize y = 1T/K) :

— K=10 — K=50 — K =250 —— Sampling FID
K=25 — K=100 —— K=1500 Gaussian Theory FD
/ ‘ 102] Ny 1.00-
102‘5 100 - 0.75':
a) ] a ) : : :
™ T 5 0.501 decreases (linearly) with the stepsize y
1 \*‘~~
101‘ 10—4_ O°25€ R @
--------------------- 0.00- ——
0.0 0.5 1.0 0 1 2 0.02 0.04
a a y=1/K
Empirical sampling (FID) Gaussian theory (FD) a*(y)
/ p
For Variance Exploding (VE) 17, = 1, and noise ¢, = o — | witho, ., > 1
I FooTmax g\ thax The decrease slope depends on (4.); .

directions with smaller variance /ll- favor

d 1
() = 1=y Z Wi /lizﬂ +o(y) smaller values of
=1




Optimization of the diffusion parameter o

p
[
Image dataset sampling (FFHQ) : EDM schedule [Karras et al., ‘23] : Variance Exploding (VE) 17, = 1, noise ¢, = o, (;) .

Error decomposed per eigendirection of 2 ..

Empirical sampling Gaussian theory

[

p
For Variance Exploding (VE) 7, = 1, and noise 6, = o, (—) with 6, > 1

T The decrease slope depends on (4,);;:

N d E_ﬁl directions with smaller variance /li favor
v ()= 1=y Z W /11' +o(y) smaller values of o~
=1




Optimization of the diffusion parameter

Gaussian sampling in 10 steps

: i Sampled distribution covariance () Target distribution covariance
2 T e o0 os ;’i) = 20 25 . -10 -05 00 05 ;fi) 15 20 25 30 -10 -05 00 05 ;.'i) 1.5 2.0 2.5 ““10 -05 00 05 ;fi) 15 20 25 30 -10 -05 00 05 ;f{) 1.5 2.0 25 3.0
a=0 a=0.25 a=0.5 a=0.75 a=1
/ p
For Variance Exploding (VE) 1. = |, and noise 0, = ¢ — | witho 1
ploding (VE) 77, = 1, F T Tmax \ max > The decrease slope depends on (4,);; :

directions with smaller variance /ll- favor

d 1
(7)) = 1=y Z Wi /lizﬂ+0(7) smaller values of
=1



Optimization of the diffusion parameter o

Gaussian sampling in 10 steps

X2
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0.0 -
N 0.0-
_0.5— _0.5_
—1.0 - —1.0 A
—1.51 —1.5 1
-2.0 -2.0

Sampled distribution covariance

10 -05 00 05 1.0 15 2.0
x1

=0
FFHQ sampling:

a:

2.5

> For small number of steps, choosing & = () samples close to the data mean

X4
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() Target distribution covariance
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Optimization of the diffusion parameter o

Gaussian sampling in 10 steps

2.0 -
2.0 -
1.5 - .
1.0 - Lo
0.5 - 05
4 001 0.0
-0.5 1 _054
—1.0 A —1.0
-1.5 1 ~1.5 1
-2.0 -2.0

Sampled distribution covariance

1.0 -05 0.0

05 1.0
x1

a=1_(

1.5

2.0

2.5

210 -05 00 05 10 15 20 25 3.0

() Target distribution covariance

2.0 2.0
1.5 1.5
1.0 1.0
0.5 0.5

3 0.0 N 0.0

~0.51 ~0.5 1
~1.0- ~1.0-
~1.51 ~1.51
~2.0 ~2.0

Posterior sampling: sample the posterior p(x | y)

a=1_(

10 -05 00 05 1.0 15 20 25

a= 0.5

a=0.25

N
™

210 -05 00 05 1.0 15 2.0

a=0.5

2.5

3.0

2.0

1.5 1

1.0

0.5

0.0 4

—0.5 1

—1.0 -

-1.54

_2.0 I 1 1 I I I I 1
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0

Discretization error allows
MMSE estimation using
diffusion sampling

> For small number of steps, choosing & = () samples close to the MMSE



Optimizati()n of the rescaling schedule , Classical choices of rescaling schedules:

1
VE _ VP _
C =1 _\/1+0t2

c + o?

We choose the parametrized 77,(¢) = \/

~ The forward noising process converges to ./ (0, ¢ I)
~  Variance Preserving (VP) : ¢ = 1

»  Variance Exploding (VE) : ¢ = o0

And look for ¢* = argmin, .. o Wo(Pyaias Law(f/ K)

p
[
Assuming a power spectrum A, = A_.. i~ and noise 6, = o, ., (—) with large ¢,,,,, and f

T
c* =1 7(p) withz(p) > 0 decreasing for p < 1

max



Optimization of the rescaling schedule 7;,

p
{
n(c) = C Assuming a power spectrum A, = A_.. i7" and noise 6, = o, ., e with large 6,,,,, and f
A 2
C+o . .
f c* =A..7(p) with z(p) > 0 decreasing forp < 1
Empirical FID Gaussian theory
: : : 102
Full image datasets sampling il ki z
‘ FFHQ : Dataset Amax P
Small relative change of p A | IiEEageNet A CIFAR 553 1.43
across datasets . [T, 10! 173 147
10+ i ImageNet 225 1.35
101 100 10! 102 100 100 102 10
C C
' |
. : : 4% 101 — Dblurstd =1 |
Deblurring Posterior sampling P | NN ewli / Y —
. _ . — blurstd =5 N 1 039 057
Sampling of p(x|y = k * x + w) Eleol- Em 5 036 01
| 5 078 0.83
c-axis rescaled by 4_ ..
101_
Influence of p 10-2 10-' 10° 10! 102 102 10-' 10

C [Amax C [Amax



Conclusion

Data geometry matters for optimizing parameters w.r.t discretization error:

> Derived explicit first-order discretization error of diffusion sampling.
> |n Gaussian case, gives a tractable objective for tuning diffusion parameters.

- Study how the optimal diffusion parameter o and schedulers 7;,, 6, change with the
shape of the data covariance spectrum (4,), -

>~ Gaussian theory predicts trends observed for (hon-Gaussian) real image sampling.



Discretization error
T .

Euler discretization: for y = 2 Yo ~ Po IA/kH — IA/k+}/ vtk(f/k) + \/2761,;k W,

D(pdam’ L&W(?K)

Pdata

Vi Qg fixes

- N
A v M )

Law(Y ©)



Discretization error: general weak error

A
Euler discretization: for y = E

For a test function f & %OO(IR"'I, R), under mild assumptions on p ..

A\

¥y

~ Po > IA’k+1 — IA/k"‘}’ Vtk(f/k) T \/27’% Wi

Fora, = 0
End of discretized process End of exact (continuous) process 1
N\ v T _ p(Yy) = —— J (V) DY) - VAY7)
A 2
[1F0] - E[r)] =7 | E[n]ds + o0 cN
o - 1 - Propagation s — 1T local acceleration
Euler error due to freezing v, a, on [s, s + 7] (flow Jacobian) (material derivative)
v General error on every moment (Y| — ELAYy)
¥ Note fully explicit w.r.t parameters — specialization for Gaussian data Pdata ;

Vi Qg fixes

_ 7 .
W‘ h

Yr

Law(Y ©)



Diffusion models for posterior sampling p(x|y = Ax + w)

Apply the same algorithm with p,... replaced by p(x|y)

For , Yo ~po, dY,=v(Y)dt+/2a,dW,
v(x) = Z 0 x+ (1+a) n2_, 6707, V1og pr_(x])
T—t

Using Baye’s formula, for x, ~ p, ~ Vlogp,(x,|y) = Vlogp,(x,) + Vlogp,(y|x,)
/ \

v Unconditional score training = Jp(y | X0)P(Xq | X)) dx;,
X Untractable

DPS [Chung et. al, 23], PIGDM [Song et. al, 23], Moment Matching [Rozet et. al, "24] :

Use the Gaussian approximation p(x|x,) ~ N (E[xy]|x,], V[xy | x,])

NS

Related to a pertrained denoiser by Tweedie’s formulas




Diffusion models

In the continuous setting, for fixed ¢,: VE#, = |& VP, =

VE schedule (6,,77, = 1)

VP schedule (o,,7,)

< any rescaling 77,

Yo~ Pr> dy,=v/(y,)dt+ \/2 &AW,

v, = ¢, Vlogpr_,

Y = 1Yy

Yo ~ Prs A9, = V() dt + /20, dW,

[

1
\/1+6t2

{ﬂt =0
6t = Or_ 07,




Diffusion models Other Noising Process (from data to noise)

Flow Matching (FM)

g, = N (0,1d)

Xy ~ Paaias W, ~ H(0,1d), X £ (1 — DX, + tW,

/

q, = Law(1(Xy+0,X))

40 = Pdata

r=T=1

[
Cov(X,) = (1 — 1)*Cov(X,) + t*1d

=0




Diffusion models Forward flow : from data to noise

Variance Exploding (VE) Xo ~ Pdar A%, =4/20,0,dw, &
c,>(0 e.g.[Songetallo, =1

w, ~ A (0,1d),

pr =~ N (0,07)

t=1T>1

Po = Pdata D, = LaW(X() + (FtW)
- o
t=0 J
Cov(xy) Cov(x,) = Cov(xy) + o-% Id

Cov(x;) ~ ¢21d




Diffusion models Forward flow : from data to noise

1] .
Variance Preserving (VP) Xo ~ Paaa» 4% = jxtdt +nn/26,0,dw, & | w,~ N(0,1d), x;=1(x5tow)
1 4

o, >0, n =

o? + 1

Po = Pdata

p, = Law (ﬂt(xo T Gtw)) pr~ A (0.07)
—

t =0 f t=T> 1
Cov(xy) Cov(x,) = > Cov(x,) + (1 — mz) Id Cov(x;) ~ Id



Diffusion models Forward flow : from data to noise

Flow Matching (FM) w,~ N(0,Id), x,=txy+ {1 —-0w,
t
o=—— n=1-1 =D

Po = Pdata

p, = Law (ﬂt(xo T Gtw)) pr =0, 1d)

B e — e

Cov(x,) Cov(x) = (1 — £)*Cov(x,y) + t*1d Cov(x,) = 1d



Discretization error: : general weak error

I A A 5 A
Euler discretization: for y = e Yo~po, Yip1 =Yitrv, (Y +a, W,

Under mild assumptions on pg.:., For a. = 0
=

End discretized process End continuous process

o v J»T (Yo = — — Dy (Y - V(X7)

= [f(?K)] — L [][(YT)] =7 — :Ws(Ys): ds + 0(}/) \

0 4 local acceleration
Euler error due to freezing v,, a, on [s, s + 7] (material derivative)

Sketch of the proof: Let u,(x) = E[f(Y;)|Y, = x]l.{We have:
K

T
E[f(Y)] — E[f(Yp)] = Elu, (Y] — Elug(Yp)] = 2w, (Vi) — 1, (7)) T > (Pudo+ord) =7 j wy(Y,) ds + o(y)
k=0 k=0 0

Telescopic sum Expansion for small y Riemann-sum error

utO(Y())
small y
expansion

u, (¥))

L (
0 ;0




Discretization error: : general weak error

I A A 5 A
Euler discretization: for y = e Yo~po, Yip1 =Yitrv, (Y +a, W,

Under mild assumptions on pg.:., For a. = 0
=

End discretized process End continuous process

o v J»T (Yo = — — Dy (Y - V(X7)

= []C(?K)] — L [][(YT)] =7 — :Ws(Ys): ds + 0(}/) \

0 4 local acceleration
Euler error due to freezing v,, a, on [s, s + 7] (material derivative)

Sketch of the proof: Let u,(x) = E[f(Y;)|Y, = x]l.{We have:
K

T
E[f(Vo)] — E[f(Yp)] = Elu, (Y] = Elug(Yp)] = Q% u, (Vi) = 1, (7)) T > (Pudo+ord) =7 j w(Y,) ds + o(y)
k=0 k=0 0

Telescopic sum Expansion for small y Riemann-sum error

W\% utl(Yl)
small y
expansion

u, (¥5)




Discretization error: : general weak error

I A A 5 A
Euler discretization: for y = e Yo~po, Yip1 =Yitrv, (Y +a, W,

Under mild assumptions on pg.:., For a. = 0
=

End discretized process End continuous process

o v J»T (Yo = — — Dy (Y - V(X7)

= []C(?K)] — L [][(YT)] =7 — :Ws(Ys): ds + 0(}/) \

0 4 local acceleration
Euler error due to freezing v,, a, on [s, s + 7] (material derivative)

Sketch of the proof: Let u,(x) = E[f(Y;)|Y, = x]l.{We have:
K

T
E[f(Vo)] — E[f(Yp)] = Elu, (Y] = Elug(Yp)] = Q% u, (Vi) = 1, (7)) T > (Pudo+ord) =7 j w(Y,) ds + o(y)
k=0 k=0 0

Telescopic sum Expansion for small y Riemann-sum error

Mtz(?2)

small y
expansion

u, (¥3)




Discretization error: : general weak error

I A A 5 A
Euler discretization: for y = e Yo~po, Yip1 =Yitrv, (Y +a, W,

Under mild assumptions on pg.:., For a. = 0
=

End discretized process End continuous process

o v J»T (Yo = — — Dy (Y - V(X7)

=Y —Elf(Yp] =7| E :l/fS(YS): ds + o(y) N

0 4 local acceleration
Euler error due to freezing v,, a, on [s, s + 7] (material derivative)

Sketch of the proof: Let u,(x) = E[f(Y;)|Y, = x]l.{We have:
K

T
E[f(Vo)] — E[f(Yp)] = Elu, (Y] = Elug(Yp)] = Q% u, (Vi) = 1, (7)) T > (Pudo+ord) =7 j w(Y,) ds + o(y)
k=0 k=0 0

Telescopic sum Expansion for small y Riemann-sum error

Mt3(Y3)
small y
expansion

Mt4(?4)




Discretization error: : general weak error

I A A 5 A
Euler discretization: for y = e Yo~po, Yip1 =Yitrv, (Y +a, W,

Under mild assumptions on pg.:., For a. = 0
=

End discretized process End continuous process

o v J»T (Yo = — — Dy (Y - V(X7)

(Y| —E[f(Yp] =7| E :l/fS(YS): ds + o(y) N

0 4 local acceleration
Euler error due to freezing v,, a, on [s, s + 7] (material derivative)

Sketch of the proof: Let u,(x) = E[f(Y;)|Y, = x]l.{We have:
K

T
E[f(Vo)] — E[f(Yp)] = Elu, (Y] = Elug(Yp)] = Q% u, (Vi) = 1, (7)) T > (Pudo+ord) =7 J w(Y,) ds + o(y)
k=0 k=0 0

Telescopic sum Expansion for small y Riemann-sum error

Mt4(Y4)
small y
expansion

u, (Ys)




Optimizati()n of the resca"ng schedule ;/]t Classical choices of rescaling schedules:

| I' | | nWVE=1, n'P= I nFM = I
Gaussian sampling covariance error: t S 1+62° " 1+02
T
COV[IA/ K] = 2.ty U Diag(J' A=A, 1., 0) dt) U' + o(y)
0
1. . . .
AZ. 0% 6) =0 n* () = z = Var. [X.] = Var. [X Variance preserving condition on
@17 ) 1 (%) \//1,-+0t2 A iAo eigendirection A,

This is optimal for a single eigendirection 4, .

Comes back to VP initialized at

A0, cI) instead of A4/(0, I)

For multidimensional and anisotropic data, we set 7/,(¢) = \/C

d T
c* = argmin, . o FD(p4,.., Law(Yy)) = argmin,._, Z J' f4;,n(c),0,)dt
i=1*0
\7
Assuming a power spectrum A, = A_ .. i~ and noise 6, = o, ., (;) with large 6,,,,, and f

c* =1_..7(p) withz(p) >0 and decreasing forp < 1

max



